
Turbulent mixed convection heat 
transfer to liquid sodium 
J. D. Jackson* 

The influences of buoyancy on turbulent heat transfer to a liquid metal flowing in 
a vertical pipe are considered. A theoretical model is presented which provides 
a criterion for the conditions under which such influences become significant and 
which predicts the impairment of heat transfer for upward flow and enhancement 
for downward flow. The variation with Peclet number of the maximum impairment 
of heat transfer and conditions under which it occurs are established. A generaliz- 
ation of the model leading to an equation for the entire mixed convection region 
is proposed. From this an equation for turbulent free convection to liquid metals 
is obtained. 
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Over the past twenty years sodium-cooled fast 
breeder reactors have developed from an experi- 
mental stage to the point where they have become 
commercially feasible. Even so a recent review 1 has 
indicated that little information is available about 
mixed convection to liquid sodium, even for the 
simplest of situations such as flow in uniformly 
heated smooth vertical pipes. However, the problem 
has been studied extensively for other fluids such as 
water, carbon dioxide and air e. 

A theoretical model of turbulent mixed con- 
vection in vertical tubes has been proposed 3'4 to 
explain effects observed with supercritical pressure 
fluids. It has subsequently been developed and used 
successfully to correlate data for other fluids n-7. The 
model is extended here to cover the case of low Peclet 
number, 

The effects of buoyancy on turbulent 
heat transfer 

The system under consideration is a heated pipe with 
turbulent flow in the upward or downward direction. 
The fluid is a liquid metal such as sodium. 

As the temperature difference between surface 
and fu id  is increased the boundary layer near to the 
heated surface experiences a buoyancy force because 
of its reduced density and this changes the shear 
stress distribution within it (see Fig 1). A con- 
sequence of the modification to the shear stress is 
that turbulence production is affected, the flow 
becoming similar to that at reduced Reynolds num- 
ber for upward flow and increased Reynolds number 
for downward flow. This leads to impairment and 
enhancement of heat transfer relative to that for the 
buoyancy-free condition. 

* Simon Engineering Laboratories, University of Manchester, 
Manchester, UK, M13 9PL 
Received 4 October 1982 and accepted for publication on 
26 October 1982 

The change of shear stress across the buoyant 
layer is given by the integral: 

Azs. = I:" (Oh -p  )g dy (1) 

Liquid metals have a gradual variation of density 
with temperature so that the buoyant layer and ther- 
mal layer are effectively identical, ie 6B = ST. Hence, 
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Fig. 1 Influence of buoyancy on distribution of 
shear stress 
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approximating the temperature gradient in the ther- 
mal layer by ( T w -  Tb)/6T it is possible to replace Eq 
(1) by: 

8Bg fT T~ 
A~"B = (Tw- Tb) (Pb--P) d T  (2) 

b 

As the variation of p with T can be described to a 
good accuracy by a linear relation this integral can 
be evaluated to give: 

A'rsn = ( P b -  pw)g(~B/2 (3) 

Making u~e of the known dependence of heat trans- 
fer on Prandtl number for liquid metals 8r can be 
related to 8M, the thickness of the sublayer/buffer 
layer, by: 

8T = 8M/Pr °'s (4) 

Noting that 8T can be replaced by 8B the following 
equation for ArsB is obtained: 

Azs~ = ~(Pb -- P,~)gSM/Pr °'s (5) 

A dimensionless wall-layer thickness 8~ defined by: 

~,t ~-" (Twp )I/2~M/[ J" 

is introduced next. In line with established ideas a 
value of 20 is assigned to 8~ and thus the fractional 
change in shear stress due to buoyancy, ArsJZw, 
becomes: 

A'rs. 101x (Pb-Pw)g 
~- 3 / °  1 /2  prO.S (6) Tw Tw p 

Introducing the dimensionless parameters G r =  
(Pb-Pw)gd3/pv 2, Be = pubd/tz  and C~ = Tw/~PU_o!~ and 
utilizing the empirical relation Cf = 0.046 R e -  " , Eq 
(6) becomes: 

A7"8. 3000 Gr 
rw = Be2nPr °'s (7) 

Likening the buoyancy-influenced situation to that 
of a buoyancy-free one at a modified Reynolds num- 

t ! . ber, R e ,  with wall shear stress rw, the modified and 
nominal values of Reynolds number and shear stress 
can be related by: 

Re'  = (r'wl t/Ls 
Re ,-~-~/ (8) 

Using the established empirical form of equation 
relating N u  to Be for low Peclet number forced 
convection, ie N u  = 5 + 0.025 Be°'Spr °'s, the modified 
Nusselt number can be expressed in terms of Nu,  *w 
and z" as: 

(T tw/0"S/l"S 
N u '  = 5 + (Nu - 5) ~--~/ (9) 

The modified stress, z L, is then related to A~'8~ by: 

T'w = Zw+ ATs. (10) 

where the positive sign applies for the downward 
flow case and the negative sign for upward flow. 
Combining Eqs (7), (9) and (10) and associating the 
modified Nusselt number, Nu' ,  with that for 
buoyancy-influenced heat transfer, NUB: 

NUB = 5+0.025 Be °'s °s/ 3000 Gr ~0.445 
Pr " [ l +ReZT prO.S ) 

(11) 
Hence, the ratio of Nusselt number for mixed con- 
vection to Nusselt number for forced convection, 
expressed in terms of Grashof number, Reynolds 
number and Peclet number, becomes: 

3000 Gr \0.445 
5 + 0.025 Pe°'S(1 

+ Re L°Pe o.s) N u s  \ 

NUF 5 + &025 Pe °'s (12) 

The effects of buoyancy predicted by this 
equation are shown in Fig 2. For the upward flow 
case the curves terminate at the point where the 

Notation 

Cp Specific heat at constant pressure (kJ/kg) 
Cf Friction coefficient, C~ = Tw/~publ 2 
d Tube diameter (m) 
L Tube length (m) 
g Acceleration due to gravity (m/s 2) 
k Thermal conductivity (kW/2mK) 
qw Heat flux at the wall (kJ/m s) 
T Temperature (°C or K) 
Tb Bulk temperature (°C or K) 
Tw Wall temperature (°C or K) 
Ub Bulk velocity (m/s) 
{I Transverse coordinate measured from 

wall (m) 
a Heat transfer coefficient, ~ = qw/ 

(Tw- Tb)(kW/m 2 K) 
8B Thickness of buoyant layer (m) 
8 M Thickness of sub-layer plus buffer layer 

(m) 
~T Thickness of thermal layer (m) 
/z Dynamic viscosity (kg/ms) 

P 
Pb 

Pw 

T 
Tw 
ATSB 

Re 
Pr 
Pe 
N u  
NUF 
NUB 

Gr 

Density (kg/m 3) 
Density evaluated at bulk temperature 
(kg/m °) 
Densi~, evaluated at wall temperature 
(kg /m)  
Kinematic viscosity, v =tz/p (m2/s) 2 
Local value of total shear stress ( N / m )  
Wall shear stress (N/m 2) 
Change of shear stress across buoyant 
layer 
Reynolds number, Be = pubd/iz 
Prandtl number, Pr = I ~ C p / k  
Peclet number, Pe = pUbCpd/k 
Nusselt number, N u  = a d /  k 
Nusselt number for forced convection 
Nusselt number for buoyancy-influenced 
(mixed) convection 
Grashof number, Gr = (Pb = Pw)d3g/Pv 2 
Dimensionless wall-layer thickness, 8~ = 
8M(r,,a )~1211z 
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reduced value of Reynolds number attains the 
critical value for reversed transition, llecrit, 
(laminarization of the flow). Combining Eqs (7), (8) 
and (10) the corresponding critical value of the 
buoyancy parameter 3000 Gr/lie 1.9 peO.S is: 

3 0 0 0  G r  "~ ( l i e c r i t ~  1.8 

R e  a'9Pe°'S] crit ---- 1 --  \ - - ~ - - e  / (13) 

The Nusselt number ratio at the end points is: 

P e c r i t  (NUB~ 5+0.025 o.s 
\ N - ~ u  ~1 orit = 5 + 0 . 0 2 5  Pe o.s (14)  

Hence, the percentage impairment of heat transfer 
at the laminarized condition is given by: 

(Pe o.s _ Pe °hst ) × 100 (15) 
(Pc o.s + 200) 

Fig 3 shows curves obtained using this expression 
for sodium at temperatures in the range 150-600 °C. 

For values of buoyancy parameter in excess 
of critical, heat transfer would be expected to be 
better than that at laminarization. However,  the 
theoretical model does not allow predictions to be 
made for laminar conditions. Further increase in the 
buoyancy parameter will lead eventually to 
buoyancy-induced turbulent transition and another 
regime of turbulent mixed convection (see later). 

Criterion for the onset of buoyancy effects 
It is of some practical importance to be able to deter- 
mine the conditions under which buoyancy effects 
begin to be significant in liquid metal heat transfer. 
A criterion can be arrived at by considering the 
limiting form of Eq (12) for the case where the 

Heat transfer to liquid sodium 
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buoyancy parameter is small. For such conditions 
Eq  (12) reduces to: 

Nun 6.675 Gr 
= 1 + Re 1.9 (16) NUF (1 +0.005 Pe °'s) 

Thus, for influences of buoyancy to be greater than 
about 2% 

Gr 
(1 + 0.005Pe °'S)Re 1.9 > 3 x 10 -3 (17) 

For the range of Peclet number of interest in sodium 
work this effectively reduces to: 

Gr > 2 x  10 -3 (18) 
Re 2 

and in this form it can be compared directly with an 
empirical criterion s which appears to be the only 
one currently available for practical purposes 1. This 
takes the form: 

d GrNu > 2  x 10 -3 (19) 
4-~ Re----r- 

Noting that the product 4Nu(d/L) will in practice 
be of order unity, the criterion yielded by the present 
model is seen to be in good agreement with the 
empirical one. 

In Fig 4 the predictions of the present theory 
are plotted against the parameter Gr/(l+ 
O.O05Pe°S)lie 19. Also shown are curves given by 
the equation: 

15 Gr / .0.445 Nua = [ 
t I ± (1 + 0 . 0 0 5  Pe ° S)Re 1 °J (20) 

NUF 

which is an extended version of Eq (16) taking some 
account of higher order terms. It can be seen that 
whereas a reasonable correlation of the curves for 
different Peclet number is obtained for downward 
flow the results for upward flow show significant 
spread and are not well represented by Eq (20). 
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Generalized equation for mixed convection 
This theoretical model presented utilizes empirical 
relations for friction and heat transfer based upon 
data for buoyancy-free conditions. In that respect it 
is essentially an extrapolation into the mixed convec- 
tion region from the forced convection end. The 
model would not be expected to be applicable to 
conditions where buoyancy effects are dominant, ie 
at the free convection end, and certainly Eq (12) does 
not satisfy the requirement that NuB should become 
independent of Re for such conditions. However, 
using an approach which was developed in an earlier 
paper , concerning mixed convectxon heat transfer 
to water with downward flow, Eq (12) can be made 
to do so by changing the index 0.445 to the value 
0.3. If in addition the constant 3000 is changed to 
5000 the resulting equation gives values of NuB/NUF 
which are virtually identical with those from Eq (12) 
over the range for which the theoretical model could 
reasonably be expected to be applicable. Fig 5 shows 
comparisons between the theory for downward flow 
(Eq (12)) and the generalized equation: 

- as / -  5000Gr \0.3 
NuB 5+0.025z'e " [ t + ReLgpeO.S) 

Nu----~ = 5 + 0.025 Pe °8 (21) 

Also shown are the theoretical curves for upward 
flow and curves given by the following modification 
of Eq (21) for upward flow with strong influences 
of buoyancy and buoyancy-induced turbulence pro- 
duction: 

0.8 5000 Gr 0.3 
NuB 5+0.025 Pe (ReXgPe°S-1) 

NUF 5 + 0.025 Pe °8 (22) 
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These curves together provide a general picture of 
mixed convection heat transfer to liquid metals 
which is similar to that exhibited by data for other 
fluids 2. 

Turbulent free convection 
In the limit where buoyancy-induced flow com- 
pletely dominates the forced flow the upward and 
downward flow cases become identical and the pro- 
cess is effectively one of turbulent free convection. 
Under such conditions Eqs (21) and (22) both reduce 
to:  

NUB = 5 +0.4 (GrPr~) °3 (23) 

Some experimental data are available r for liquid 
sodium flowing in a passage of rectangular cross- 
section under conditions of mixed convection with 
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Fig 5(a) Generalized equation for mixed convec- 
tion (Pc = 5 0 )  
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very  strong inf luences of buoyancy .  However ,  direct  
compar i son  of the data wi th  E q  (23) is difficult 
because  of the form in which  the results are pub-  
l ished. The  best  that can be said is that  the Nussel t  
numbers  quo ted  for condi t ions  of max imum 
b u o y a n c y  effect are similar to those indicated  by  E q  
(23). Data on free convec t ion  to l iquid  metals appears  
to be  l imi ted to laminar  condi t ions.  Compar i son  of 
E q  (23) wi th  such results ob ta ined  us ing mercury  1° 
indicates,  as expected,  that it s ignif icantly overesti-  
mates the Nussel t  number .  Exact  theoret ical  predic-  
t ions are poss ible  for the laminar  flow case and Fig  
6 shows a compar i son  be tween  E q  (23) and such 
predic t ions  in the region of tu rbu len t  transit ion.  It 
can be seen that whereas  E q  (23) gives values of 
about  24 the laminar  flow value is 17, a surpr is ingly  
close and plaus ible  result.  

Conclusions 
Buoyancy  forces cause e n h a n c e m e n t  of tu rbu len t  
heat t ransfer  to l iquid  metals for  d o w n w a r d  flow and 

1 9  0 8  impa i rment  for  upward  flow. For  G r / B e  " Pe  < 
4 3 x 10- the effects are descr ibed  by  the equat ion:  

3000 G r  \0.445 
NUB 5 + O ' 0 2 5  Pe° 'S(  l + B e l g  Pe° 'S)  

NUF = 5+0 .025  P e  °'s 

where  the posi t ive sign applies to d o w n w a r d  flow 
and the negat ive sign to upward  flow. These  effects 
of b u o y a n c y  on heat t ransfer  to l iquid  metals are less 
marked  than  for o ther  fluids because  of the relat ively 
r educed  inf luence of tu rbu len t  diffusion at low Pec- 
let number .  

A cr i ter ion for onset  of significant b u o y a n c y  
effects in l iquid  sod ium is: 

G r  > 2 x 10 -3 
Re 2 

Maximum impa i rment  of heat t ransfer  in the 
upward  flow case is associated wi th  laminar izat ion 
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Of the flow and  increases wi th  Peclet  number .  It  
occurs  when:  

G r  
B e  X'gPe°'S ~ 3 × 10 -4 

Expressed  as a percen tage  of the heat t ransfer  
coefficient for forced convect ion,  the pred ic ted  
max imum impa i rment  for l iquid  sod ium is given by: 

(Pe ° '8 -10)  
x 100 

(Pe o.s + 200) 

For  d o w n w a r d  flow a general ized equa t ion  
descr ib ing  mixed convec t ion  over the entire range 
of possible  condi t ions  f rom forced to free convec t ion  
has the form: 

5+0.025PeO.S(1 5 0 0 0 G r  \o.a 
N u  s + B e  1.gpe o.s) 

N u v  = 5 + 0.025 P e  °'8 

For  condi t ions  of strong inf luence of 
buoyancy ,  e n h a n c e m e n t  of heat  t ransfer  occurs  for  
bo th  u p w ard  and d o w n w a r d  flow, the mechan i sm 
be ing  one of b u o y a n c y - i n d u c e d  tu rbu lence  produc-  
tion. In the l imi t ing condi t ion  where  the process is 
effectively one of tu rbu len t  free convec t ion  the two 
cases coincide  and the equa t ion  for heat  t ransfer  
which  is arr ived at f rom the present  considerat ions  is: 

N u  = 5 + 0.4(Gr Pr2) °'3 
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